We investigate the classical stability of higher-dimensional Schwarzschild black holes with respect to linear perturbations in the framework of a gauge-invariant formalism for gravitational perturbations of maximally symmetric black holes. This formalism was recently developed by the present authors. The perturbations are classified into three types, those of tensor, vector, and scalar modes, according to their tensorial behaviour on the spherical section of the background metric. The vector-and scalar-type modes correspond, respectively, to the axial and polar modes in the four-dimensional case. We show that for each mode of the perturbations, the spatial derivative part of the master equation is a positive, self-adjoint operator in the L 2 -Hilbert space, and hence that the master equation for each type of perturbation has no normalisable negative modes that would correspond to unstable solutions.
§1. Introduction
Higher-dimensional theories of gravity have recently attracted much attention, and black hole solutions have played an important role in revealing various aspects of gravity peculiar to higher-dimensional systems. 1), 2), 3), 4) A noteworthy fact is that, compared to the severely constrained situation in four spacetime dimensions, 5), 6), 7) higher-dimensional black holes can have many very different varieties. 8), 9), 10), 11), 12) For this reason, it is important to study the dynamics of fields 13), 14), 15), 16), 17) and metric perturbations 11), 12), 18) in such black hole backgrounds and to find stable solutions. Amongst the various types of black hole solutions, a natural higher-dimensional generalisation of the Schwarzschild metric-also known as the Schwarzschild-Tangherlini metric 19) -has been assumed to be (or believed to be) stable, like its four-dimensional counterpart, and for this reason it has been conjectured that this metric describes a possible final equilibrium state of classical evolution of an isolated system, or a certain class of unstable black holes in higher dimensions. However, the question of the stability of a Schwarzschild black hole itself is not a trivial matter, and, to our knowledge, it has not yet been fully analysed in higher dimensions.
In the four-dimensional case, the perturbation analysis of the Schwarzschild metric was first carried out by Regge and Wheeler, 20) and its stability was essentially confirmed by Vishveshwara, 21) followed by further detailed studies. 22) , 23) The basic observation of those works is that unstable perturbations, whose growth in time is unbounded, are initially divergent at the event horizon (provided that they are vanishing at large distances) and therefore are physically unacceptable.
A key step in the analysis is the reduction of the perturbation equations to a simple, tractable form. For this purpose, in the case of a four-dimensional spacetime, the spherical symmetry of the background Schwarzschild metric is utilised to classify the metric perturbations into two types, axial (odd) modes and polar (even) modes, according to their behaviour under the parity transformation on the two-sphere. To linear order, the perturbation equations for these two types of perturbations are independent, and therefore they reduce to a set of two Schrödinger-type 2nd-order ordinary differential equations (ODEs), the Regge-Wheeler equation for axial perturbations and the Zerilli equation 24), 25) for polar perturbations.
In the higher-dimensional case, the role of the two-sphere is played by an nsphere: According to their tensorial behaviour on the n-sphere, there are three types of perturbations, tensor, vector, and scalar perturbations. The first of these is a novel type of perturbation that exists only in the higher-dimensional case, while the last two types correspond, respectively, to the axial and polar modes in the four-dimensional case.
In order to verify the stability of higher-dimensional Schwarzschild black holes, one must investigate their stability with respect to all the types of perturbations mentioned above. However, as far as the present authors know, all analysis made to this time has been carried out for only tensor perturbations, 11) and the situation for vector and scalar perturbations has not yet been investigated: The stability of Schwarzschild black holes in higher dimensions is not yet established. The treatment of scalar perturbations * ) is the most difficult part of this analysis, because the linearised Einstein equations for a scalar perturbation are much more complicated than those for a tensor perturbation and do not reduce to the form of a single 2nd-order Schrödinger-type ODE in the higher-dimensional case.
Recently, this reduction was carried out by the present authors 26) in the background of maximally symmetric black holes with a non-vanishing cosmological con-stant in an arbitrary number of spacetime dimensions. From the result of that work, along with the previously obtained ODEs for tensor and vector perturbations, 27) we have the full set of equations for perturbations of higher-dimensional maximally symmetric black holes in the form of a single self-adjoint 2nd-order ODE-which we refer to as the master equation-for each tensorial type of perturbation. These master equations, of course, can be applied to the perturbation analysis of higherdimensional Schwarzschild black holes. Let us mention, furthermore, that these master equations have been derived in the framework of the gauge-invariant formalism for perturbations, and for this reason, they do not involve the problem of the choice of gauge.
The purpose of this paper is to show that higher-dimensional Schwarzschild black holes are stable with respect to linear perturbations. As mentioned above, we have already obtained the master equation for each tensorial type of perturbation in the Schwarzschild background. Our main focus in this paper is therefore to prove that there exist no unstable solutions to the master equation with physically acceptable initial data. We also show that there exist no well-behaved static perturbations that are regular everywhere outside the event horizon. This is consistent with the uniqueness 8) of a certain class of black holes in an asymptotically flat background. Although our main interest is in the standard higher-dimensional Schwarzschild black holes, that is, asymptotically flat, * ) spherically symmetric, static vacuum black holes in higher dimensions, we also investigate the stability of other maximally symmetric black holes with a non-vanishing cosmological constant with respect to tensor-and vector-type perturbations. We also give a stability criterion for generalised static black holes considered by Gibbons and Hartnoll. 11) In the next section, we first give a general explanation of our background metrics, our formalism for gravitational perturbations, and the basic strategy of our stability analysis. At this stage, our arguments are not limited to the case of Schwarzschild black holes, but are equally applicable to any case of maximally symmetric black holes with a non-vanishing cosmological constant. Then, we perform the stability analysis for tensor, vector and scalar perturbations separately. In § 3, we examine static scalar-type perturbations in the Schwarzschild background. Section 4 is devoted to summary and discussion. §2. Stability analysis As our background, we consider the (n + 2)-dimensional metric of the form
1) * ) It has been pointed out, however, that the concept of asymptotic flatness itself involves some subtle problems in higher dimensions, especially in the case of an odd number spacetime dimensions. 28) In this paper, however, we do not discuss this issue and do not distinguish the cases of odd and even numbers of spacetime dimensions.
where
with constant parameters M , λ and K = 0, ±1, and where dσ 2 n = γ(z) ij dz i dz j denotes the metric of the n-dimensional maximally symmetric space K n with sectional curvature K = 0, ±1. * ) The constant parameter λ is related to the (n + 2)-dimensional cosmological constant Λ as λ = 2Λ/n(n + 1), and the parameter M defines the black hole mass. For example, in the case K = 1 and λ = 0, this mass is given by
3)
is the area of a unit n-sphere, and G n+2 denotes the n + 2-dimensional Newton constant. We assume that M ≥ 0 to avoid the appearance of a naked singularity in our background. We are interested in the static region-called the Schwarzschild wedge-in which f (r) > 0, so that t is a time-like coordinate. Thus, when λ ≥ 0, the sectional curvature K must be positive, while when λ < 0, K can be 0 or ±1. The higher-dimensional Schwarzschild black hole corresponds to the case K = 1, M > 0 and λ = 0. To study perturbations in this background, it is convenient to introduce harmonic tensors in the n-dimensional symmetric space (K n , dσ 2 n ) and expand the perturbations in terms of them, as we see below. The type of the harmonic tensor defines the type of the perturbation. Combining the expansion coefficients, one can construct the gauge-invariant variables in the two-dimensional orbit spacetime spanned by the coordinates y a = (t, r). The linearised Einstein equations then reduce to a set of equations for the gauge-invariant quantities. It is found from the Einstein equations that there is a master scalar variable Φ for each tensorial type of perturbation. Consequently, the linearised Einstein equations reduce to a set of three master equations for the master variable. Thorough studies of the gauge-invariant formalism for perturbations and the derivation of the master equations are given in Refs. 26) and 27).
Because our background metric is static, with a Killing parameter t in the Schwarzschild wedge, the master equations can be cast into the form
where r * ≡ drf −1 (r) and V is a smooth function of r * . Our task is then to show that the differential operator
Accordingly, we also refer to the metric (2 . 1) as a maximally symmetric black hole One can also construct static, vacuum black hole metrics by simply replacing dσ 2 n = γij dz i dz j in (2 . 1) by an arbitrary metric of an n-dimensional Einstein manifold 29), 11), 12) whose Ricci curvature iŝ Rij = K(n − 1)γij. We briefly comment on such a generalised black hole case in § 4.
is a positive self-adjoint operator in L 2 (r * , dr * ), the Hilbert space of square integrable functions of r * , so that Eq. (2 . 4) possesses no negative mode solutions that are normalisable. In other words, the positivity of the self-adjoint operator ensures that, given well-behaved initial data-for instance, smooth data of compact support in r * -Φ remains bounded for all time. A rigorous proof of the stability of the system described by Eq. (2 . 4) has been given, in the language of spectral theory, by Wald. 23) It is known that, in the four-dimensional case, V -called the Regge-Wheeler potential for axial perturbations and the Zerilli potential for polar perturbationsis positive definite. Hence, the positivity of the self-adjoint operator immediately follows. However, in systems of greater than four dimensions, V is, as we will see, in general not positive definite. Thus it is not clear whether A can be extended to a positive self-adjoint operator. However, because V is bounded from below in most cases, in the domain C ∞ 0 (r * )-the set of smooth functions with compact support in r * -A is a symmetric, semi-bounded operator and hence can be extended to a semibounded self-adjoint operator in such a way that the lower bound of the spectrum of the extension is the same as that of A. In fact, a natural extension, called the Friedrichs extension, 30) is such a self-adjoint operator. Furthermore, when λ ≥ 0, there is a unique self-adjoint extension because in this case, the Schwarzschild wedge is globally hyperbolic, and the range of r * is complete, i.e., (−∞, ∞). Therefore the time evolution of Φ-which is defined by a self-adjoint extension of A-must be uniquely determined by its initial data, by virtue of this global hyperbolicity. (If there were different self-adjoint extensions, then each of them would describe a different time evolution of Φ from the same initial data.) Therefore, if the symmetric operator A with domain C ∞ 0 (r * ) is shown to be positive definite, then the self-adjoint extension must also be positive definite. We show that this is indeed the case.
When λ < 0, the situation is quite different, because the range of r * is not complete, being (−∞, 0), and the Schwarzschild wedge is no longer globally hyperbolic. Nevertheless, there is a prescription 31) for defining the dynamics of Φ in terms of a self-adjoint extension of A. We choose the self-adjoint extension that is obtained by imposing the Dirichlet boundary condition Φ = 0 at r * = 0 as a natural requirement for perturbations that are well-behaved (in r * ). The other possible choices of the boundary conditions at r * = 0 and the corresponding self-adjoint extensions in anti-de Sitter spacetime will be discussed elsewhere. 32) In the subsequent sections, we examine tensor, vector and scalar perturbations separately, briefly reviewing the metric perturbations and the master equation.
Tensor perturbations
We begin by considering tensor perturbations, which are given by
where H T is a function of y a = (t, r), and the harmonic tensors T ij are defined as solutions to the eigenvalue problem on the n-sphere, i.e.,
with
Here,D j is the covariant derivative with respect to the metric γ ij and△ n ≡ γ ijD iDj . The eigenvalues k 2 T are given by k 2 T = l(l+n−1)−2 for K = 1 and form a continuous set of non-negative values for K ≤ 0. Note that in the expansion (2 . 6), we have omitted the indices k labelling the harmonics and the summation over them. Note also that, in the four-dimensional spacetime (n = 2), there are no corresponding modes, as there are no harmonic tensors of this type on a 2-sphere.
It can immediately be seen that the expansion coefficient H T is itself gauge independent, and it can be taken as the master variable for a tensor perturbation. 
where Φ = r n/2 H T , and 2 denotes the d'Alembertian operator in the two-dimensional orbit spacetime with the metric g ab dy a dy
The master equation (2 . 9) can be written in the form of Eq. (2 . 4), with
For the case of the standard Schwarzschild black hole (K = 1, λ = 0), the asymptotic behaviour of V T at large distances (r * → ∞) and near the horizon (r * → −∞) is
where κ = (n − 1)/2r h , with r n−1 h ≡ 2M , and C ± are positive constants. Typical profiles of the potential V T are plotted in Figs. 1, 2, and 3. We immediately see that the potential V T is positive definite in the Schwarzschild wedge, irrespective of the signs of K and λ [noting that, for K = 1, we have k 2 T − (n − 2)K = (l − 1)(l + n) > 0]. Thus, the operator A with the domain C ∞ 0 (r * ) is positive and symmetric (Hermitian) with respect to the inner product
(2 . 12)
Therefore, for the case r * ∈ (−∞, ∞) (that is, the case in which λ ≥ 0), A is extended to a unique positive, self-adjoint operator in L 2 (r * ). For the case λ < 0, r * has the range (−∞, 0). For V = V T , however, A is of the limit-point type * ) at r * = 0, * ) This type is characterised by the condition that for both ±i, one of the solutions to (−∂ 2 /∂r 2 * + V )Φ = ±iΦ is not square integrable at r * = 0. If A is of the limit-point type at both boundaries, then A = −d 2 /dr 2 * +V is essentially self-adjoint. This can be seen by noting that VT ≈ n(n+2)/r 2 * > 3/(4r 2 * ) near r * = 0. and hence A is uniquely extended to a positive, self-adjoint operator. We therefore conclude that not only the standard Schwarzschild black hole (K = 1, λ = 0) but all the possible maximally symmetric black holes in higher dimensions are stable with respect to tensor perturbations. This result agrees with that of the previous analysis. 11)
Vector perturbations
Next, consider vector perturbations, which are given by 13) where the vector harmonics are introduced as the solutions of
with eigenvalues k 2 V that are given by k 2 V = l(l + n − 1) − 1 with l ≥ 1 for K = 1 and form a continuous set of non-negative values for K ≤ 0.
A gauge-invariant variable F a can be constructed by combining the expansion coefficients f a and H T . Substituting this into the Einstein equations, we can obtain the master scalar variable Φ, in terms of which the gauge-invariant variable of vector perturbations for k 2 V > (n − 1)K is given by 16) which is identical to Eq. (2 . 4) with
It can be shown that for the four-dimensional Schwarzschild case (n = 2, K = 1 and λ = 0), V V coincides with the Regge-Wheeler potential. Also, it should be noted that the potential V V falls off at large distances and near the horizon in the same manners as (2 . 11) for K = 1 and λ = 0. However, V V is not positive definite for higher-dimensional Schwarzschild black holes with n > 2, K = 1 and λ = 0. In particular, the constant C − becomes negative when 2n > 2l−1+ 12l(l − 1) + 1 > 4 (for l ≥ 2), as seen in Fig. 4 . We can also see that the potential is not positive definite for the case of a non-vanishing cosmological constant in Figs. 5 and 6. Now, to show the positivity of A, let us introduce the differential operator
with S being some function of r. Then, we have
whereṼ
For Φ ∈ C ∞ 0 (r * ), the boundary term vanishes. Inspecting the form of (2 . 17), we find that the choice
yields an effective potential that is manifestly positive:
Here, we note that for K = 1, k 2 V −(n−1)K = (l −1)(l +n) > 0. Hence, a symmetric operator A with domain C ∞ 0 (r * ) is positive definite for any K and λ (as long as the Schwarzschild wedge exits), so is the self-adjoint extension. For the case λ < 0, the range of r * is incomplete. However, for the higher dimensional case (n ≥ 3), V = V V is shown to be in the limit-point case at r * = 0, and A is uniquely extended to a positive, self-adjoint operator. For the case of four spacetime dimensions (n = 2), imposing the Dirichlet boundary condition at r * = 0, as stated above, we can obtain a positive, self-adjoint extension of A. [Note that under the Dirichlet boundary condition, the boundary term in Eq. (2 . 19) does not contribute to the spectrum.] We have therefore confirmed that all the possible maximally symmetric black holes are stable with respect to vector perturbations.
Scalar perturbations
Scalar perturbations are given by
where the scalar harmonics S, the associated scalar harmonic vector S i , and the tensor S ij are defined by 24) with the eigenvalues k 2 S given by k 2 S = l(l+n−1) for K = 1 and forming a continuous set of non-negative values for K ≤ 0. By definition, S ij is a traceless tensor. Using the gauge-dependent vector defined on the orbit spacetime by 25) we can obtain the gauge-invariant variables for the scalar perturbation,
Hereafter, we restrict our attention to modes for which l ≥ 2, because the l = 1 modes do not correspond to any physical degrees of freedom, as discussed in Ref. 26 ). We find, after a long calculation, that with the following choice of the gaugeinvariant master variable Φ, the linearised Einstein equations can be reduced to the form of Eq. (2 . 4) 28) where here and hereafter 
The manners in which V S falls off at large distances and near the horizon are the same as in the vector perturbation case. It can be shown that the potential V S coincides with the Zerilli potential and is positive definite in the four-dimensional Schwarzschild case (n = 2, K = 1 and λ = 0). However, for higher dimensions, the potential V S is not positive definite in general, as shown in reference, we also plot the potential V S for the Schwarzschild-de Sitter case in Fig. 8 and the Schwarzschild-anti-de Sitter case in Fig. 9 .) From this point, we focus on the standard higher-dimensional Schwarzschild black hole case, i.e., that with λ = 0 and K = 1. Taking S to be
we obtain as the effective potential defined in Eq. (2 . 20) the form
ClearlyṼ > 0, and thus A with domain C ∞ 0 (r * ) is strictly positive, so is the selfadjoint extension. The higher-dimensional Schwarzschild black holes are therefore stable with respect to scalar perturbations. This completes the stability analysis for higher-dimensional Schwarzschild black holes. In this section, we treat "static" scalar perturbations in the background of the Schwarzschild metric, with K = 1, λ = 0 and n ≥ 2. Because scalar perturbations represent deviations from a spherical form, if there exist any regular static perturbations that fall off at large distances in such a manner that asymptotic flatness is maintained, it would be implied that there exist asymptotically flat, static vacuum black holes whose event horizons are topologically S n but are not spherical. We show that this is not the case.
Regarding Y in Eq. 
There are general solutions to Eq. (3 . 1) that can be expressed in terms of hypergeometric functions as 
From this expression, we find that the original gauge-invariant variables F and F a b behave at the spatial infinity as pC 1 r l +qC 2 /r n+l−1 , where p and q are non-vanishing constants that depend on the variables. Hence, in studying the question of whether regular, well-behaved static perturbations exist or not, we can choose the boundary condition C 1 = 0, so that the gauge-invariant variable Y for l ≥ 1 vanishes as r * → ∞ in the form
Note that the l = 0 modes preserve the spherical symmetry of the black hole, and hence need not be considered here. Now, we redefine the master variable as
for which the asymptotic condition is writteñ 
Because this potential is positive definite, we can show that there exists no solution that satisfies the asymptotic condition (3 . 6) and is bounded at the horizon. First, from Eq. (3 . 6), there is a point r * = a at whichỸ is positive and dỸ /dr * = C < 0, by changing the sign ofỸ if necessary. Suppose thatỸ is not positive definite in r < a. Then, there must be a point r * = b < a such thatỸ is positive in the interval b < r * < a, and vanishes at r * = b. However, this cannot happen because d 2Ỹ /dr 2 * > 0 in b < r * < a and dỸ /dr * < 0 at r * = a. Hence,Ỹ is always positive in r * < a. From this and the positivity ofṼ , it follows that dỸ /dr * ≤ C in r * < a. Hence,Ỹ increases without bound as r * → −∞. We therefore conclude that there exists no static perturbation that falls off at large distances and is regular everywhere outside the event horizon. §4. Summary and discussion
We have shown that higher-dimensional Schwarzschild black holes are stable with respect to all tensorial types of linear perturbations, examining the master equations recently derived in the framework of the gauge-invariant formalism for black hole perturbations. 27), 26) We have confirmed that the 2nd-order elliptic differential operator A appearing in the master equation is a positive, self-adjoint operator in the Hilbert space L 2 , and we have thereby shown that each type of master equation possesses no negative-mode solutions that are normalisable. We have also proved that there exists no regular, well-behaved static scalar perturbation of Schwarzschild black holes. This result is consistent with the uniqueness of higher-dimensional spherically symmetric, static vacuum black holes.
Our strategy explained in § 2 is not limited to the standard Schwarzschild black hole case. In fact, with the same method, we were also able to show the stability of maximally symmetric black holes for any K and λ (and thus, including the higherdimensional Schwarzschild-de Sitter and Schwarzschild-anti-de Sitter black holes) with respect to tensor and vector perturbations. Thus, to complete the stability analysis of maximally symmetric black holes, it is now necessary only to consider the case of scalar perturbations of non-asymptotically flat black holes. (Note that in the four-dimensional case, the stability of Schwarzschild-(anti-)de Sitter black holes has already been proved. 26 ) )
The background metric (2 . 1) describes a generalised black hole when dσ 2 n is the metric of a generic Einstein manifold with Ricci curvatureR ij = K(n − 1)γ ij . The stability of such a "black-Einstein" has recently been studied by Gibbons et al. 11), 12) and Hartnoll. 18) As a reason to concentrate on the analysis of tensor perturbations, they argued that a generalised black hole should be stable with respect to vector and scalar perturbations because the standard higher-dimensional Schwarzschild black hole is believed to be stable with respect to these perturbations, at least in the case in which the event horizon takes the form of a compact Einstein manifold of positive curvature. Their argument is based on the following two points. First, because the Weyl tensor does not appear in the perturbation equations for the scalar and vector perturbations, the stability with respect to these modes is determined only by the spectrum of the Laplacian on the Einstein manifold. Second, the smallest eigenvalues of the Laplacian for these modes are always greater than or equal to those for the sphere, and hence the standard Schwarzschild black hole is the most unstable. Here, we regard the second smallest eigenvalue as the smallest one for the scalar mode, because the k = 0 mode does not affect the stability analysis. Although they proved the second claim only for a vector mode, we can also prove it for a scalar mode with the help of the identity
Furthermore, the first point implies that even for the generalised black hole case, the master equations we have examined here are still valid, if we replace the eigenvalues k 2 V and k 2 S of the Laplacian on K n by the corresponding ones on the Einstein manifold. * ) Our results in this paper thus place their analysis on a firmer basis, giving a proof for their argument summarised above for the case K = 1.
We now discuss a few points regarding the stability of a generalised black hole with respect to tensor perturbations. In this case, the perturbation couples to the Weyl curvature. However, the master equation is still valid if we replace k 2 T by λ L − 2nK, with λ L being the eigenvalue of the Lichnerowicz operator on the Einstein manifold, as shown by Gibbons and Hartnoll. 11) Hence, from the positivity of V T expressed in the form (2 . 10), we obtain a sufficient condition for the stability,
By rewriting V T as
we obtain another sufficient condition,
for λ ≤ 0. This condition coincides with that derived by Gibbons and Hartnoll. Furthermore, if we apply the same trick used for vector perturbations to tensor perturbation by setting S = − nf 2r , (4 . 5) * ) The authors thank Sean Hartnoll for discussion of this point.
33)
we have the inner product (2 . 19) with the effective potential For K = 1 and λ ≤ 0, the second condition (4 . 4), is the strongest, while for K = 1 and λ > 0, the third condition, (4 . 7), is the strongest. For K = −1, the first condition, (4 . 2), is the strongest. Finally, we note that in the stability analysis carried out in the present paper, the supports of the initial data for the perturbations are, as one condition for being wellbehaved, restricted to compact regions of the initial hypersurface inside the exterior Schwarzschild wedges: We have considered such initial data that vanish in an open neighbourhood of the event horizon, in particular, on the bifurcation n-sphere. In the four-dimensional case, this restriction on the initial data of the perturbations was removed by Kay and Wald. 34) The key ingredients of Kay and Wald's theorem are the discrete isometry of extended Kruskal spacetime-which is implemented even in the higher-dimensional case (and also for cosmological horizons)-and the wellposed nature of the Cauchy problem for the wave equation-which also holds for the master equations. Furthermore, the forms in which the potentials V fall off near the horizon and in the asymptotic region are the same as in the four-dimensional case. Hence, there seems to be no dimensional obstruction in applying Kay and Wald's theorem to our present situation, which would imply the stronger claim that higher-dimensional Schwarzschild black holes are stable with respect to the linear perturbations whose initial data have compact support on a "Cauchy surface" in the extended Kruskal spacetime.
